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ABSTRACT 
 
     This study presents a macroscopic double-porosity dispersion model for 
unsaturated water flow conditions, developed by asymptotic homogenization 
method. The model shows a coupling between the concentrations in the micro- and 
macro-porosity domains (local non-equilibrium), resulting in an early breakthrough 
and a long tail effects. A series of one-dimensional dispersion experiments of 
passive tracer under unsaturated steady-state flow conditions in a physical model of 
double-porosity material, was performed. An excellent agreement between the 
numerical simulations and the experiments proves good predictive capacity of the 
developed model. 
 
 
INTRODUCTION 
 
     Natural porous geomaterials are very often heterogeneous multiphase materials 
of complex structure. They are named “double-porosity” materials, when 
presenting a strong contrast in local hydrodynamic characteristics (aggregated soils, 
fractured porous rocks). In such cases, preferential solute transport in the macro-
porosity domain with interactions/exchanges with the micro-porosity domain, are 
commonly observed. These interactions/exchanges are responsible for solute 
spreading in the local non equilibrium conditions and contribute to the non Fickian 
behaviour observed in the breakthrough curves.  
     Modeling unsaturated water flow and solute transport in such media remains an 
actual research subject, see for example [1]. In this paper we present a solute 
dispersion model for double-porosity media. The model is associated with the 
unsaturated water flow model [2] and was derived by using the up-scaling method 
(asymptotic homogenization technique). This method allows the derivation of a 
macroscopic model which is intrinsic to the material and independent of the 
macroscopic boundary conditions. No assumption about the mathematical form of 
the model is needed a priori. The obtained model was validated by a series of 
tracer transport experiments in a physical model revealing the double-porosity 
structure. This physical model was previously used in order to validate the transient 
unsaturated water flow model [2] for different scenarios of flow condition: 
infiltrations [3, 4] or drainage [5]. 
 
DOUBLE-POROSITY PHYSICAL MODEL AND DISPERSION 
EXPERIMENTS 
 
Double-Porosity Physical Model 
 
     A double-porosity physical model [3, 4, 5] was designed in order to mimic the 
behavior of the double-porosity geomaterials and enable to perform the dispersion 
experiments in fully controlled conditions. It was made of two porous materials: 
Hostun HN38 sand and solidified clayey spheres (Table 1). The double-porosity 
soil column (height Lc = 60 cm, inner diameter d = 6 cm) was obtained by 
arranging periodically the clayey spheres in the sandy matrix, layer by layer, 
followed by mechanical compaction. The medium has periodic structure (Figure 
2). The contrast of the characteristic parameters of the two materials is the 
following: 
-  characteristic pore size ~1 : 200; 
-  water conductivity at saturation ~1 : 1500; 
-  effective diffusion coefficient  at saturation ~1 : 10. 
The selected physical properties are reported in Table I.  
 
TABLE I. MEASURED PHYSICAL PROPERTIES OF THE MATERIALS 
 ρs [g/cm3] d50 [µm] n [-] R [cm] KS [cm/s] 
Sand HN38 2.65 162 0.400 - 2.87×10-3 
Clayey spheres 3.01  0.7* 0.348 3.2 1.96×10-6 
(ρs: skeleton specific density; d50: mean grain diameter; *: mean pore size; n:  
porosity; R: radius of a sphere and KS: conductivity at saturation.) 
 
Dispersion Tests 
 
     An experimental set-up was designed in order to conduct a series of NaCl 
dispersion experiments in the unsaturated double-porosity column within the 
steady-state flow regime. Two principal stages of the experimental procedure 
concerned: i) the establishment of the permanent unsaturated flow, ii) the tracer 
transport by the fluid displacement. The water and the NaCl solution were 
introduced at the bottom of the column. While the unsaturated condition was 
controlled by measuring the water content, using the gamma ray attenuation 
technique, the evolution of NaCl concentration in the effluent was registered by the 
densimeter (Breakthrough Curve, BTC). Two different solicitation types (step-like 
and pulse-like) were used in the experiments. The detailed description of the 
experimental set-up and the procedure can be found in [6, 7]. The main 
characteristics of the experiments analyzed in this article are presented in Table II. 
 
TABLE II. MAIN PARAMETERS OF EXPERIMENTS 
 L [cm] φ1 [-] φ2 [-] <θ> [-] <v> [cm/s] Type C0 [g/l] 
Test 1 51.0 0.490 0.510 0.348 3.44×10-4 Step 5 
Test 2 46.9 0.483 0.517 0.349 3.44×10-4 Step 5 
Test 3 46.9 0.483 0.517 0.349 3.44×10-4 Pulse 5 
(L: length of the column; φ1 [-]: volumetric fraction of sand; φ2 [-]: volumetric 
fraction of spheres; < θ >: mean water content of the double-porosity medium; < v 
>: imposed Darcy water flow velocity; C0: concentration of NaCl applied at the 
inlet to the column.) 
 
Qualitative Analysis of The Dispersion Tests 
 
     Figure 1 shows the comparison between the behavior of sand (which is 
considered as simple-porosity material), and sand (of the same porosity), 
containing porous spheres (double-porosity material) [6]. The quantitative analysis 
of the two breakthrough curves gives three principal conclusions concerning the 
behavior of the double-porosity medium: 
- The breakthrough curve is asymmetric.  
- The acceleration of the appearance of concentration (early breakthrough) is 
observed.  
- The concentration approaches the imposed value at a long time (tailing). 
All these features are characteristic for the non Fickian behavior which can not be 
described by classical dispersion models. 
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Figure 1. BTCs observed in dispersion tests with the simple- porosity (sand, Test 4 
& 5) and double-porosity material (sand with porous spheres, Test 1 & 2). 
 
 
MODELING BY ASYMPTOTIC HOMOGENIZATION 
 
     The development of the macroscopic model of solute transport in unsaturated 
double-porosity media obtained by the application of the homogenization technique 
[8, 9, 10], will be presented briefly. The detailed analysis can be found in [7]. 
 
General Assumptions and Estimations 
 
The general assumptions are: 
- the medium is rigid and its structure is periodic, 
- there exists a scale separation, defined by the small parameter 1<<=
L
lε  
where ℓ [L] and L [L] are the dimensions of the period and macroscopic domain 
(column length), respectively, 
- the more conductive sub-domain is connected, 
- the contrast of the hydraulic conductivity in the macro- and micro-porosity 
domains is )( 2
1
2 εO
K
K = . 
The time of observation of the phenomenon is of the order of O(105 s) ( see Figure 
3) which corresponds to the order of the time of transport by convection in the 
macro-porosity domain at the scale L: 
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Two additional assumptions concern the Péclet number of the transport through the 
macro-porosity domain and the ratio of the local diffusion/dispersion coefficients 
of the micro- and macro-porosity domains: 
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     Using the above assumptions and estimations, the homogenization problem can 
be formulated for the non-dimensional variables in the form: 
 
                                      ( )*11*11*1* *1*1 )()( CCt C *vD −∇⋅∇=∂∂ θθε  in 1Ω ,                    (3) 
                                                ( )*22*2* *2*2 )()( Ct C ∇⋅∇=∂∂ θθ D  in 2Ω ,                               (4) 
                       ( ) ( ) NDNvD ⋅∇=⋅−∇ *12*2*11*11*1 )()( CCC * θεθ  on Γ ,                (5) 
                                                                    
                                                                   *2
*
1 CC =  on Γ ,                                                              (6) 
 
where “*” is denoted for the dimensionless quantities; C1 and C2 are the 
concentration in Ω1 and Ω2  respectively; D1 is the local dispersion tensor in Ω1; D2 
is the diffusion tensor in Ω2 ; v1 is the velocity in the macro-porosity domain; θ1 
and θ2 are the water contents in Ω1 and Ω2 respectively; Ω1 and Ω2  are the macro- 
and micro-porosity domains in the period Ω (Figure 2); N is the unit vector normal 
to the interface Γ; and the t  is the time variable. 
 
Macroscopic Model of Dispersion in A Double-Porosity Medium 
 
     The macroscopic dispersion model obtained by homogenization is composed of 
two coupled equations:  
 
             ( )
t
C
CC
t
C mm
MMM
MM
M ∂
∂−−∇⋅∇=∂
∂ θθθφ vD )()( disp   ,           (7) 
 
                                                  ( )mmmmm Ct
C ∇⋅∇=∂
∂
)(
)( θθ D  ,                                       (8) 
                                                              
                                                    mM CC =  on the interface,                                           (9) 
 
where CM and Cm [ML-3] are the concentration in the macro- and micro-porosity 
respectively; θM and θm [-] are the water content in the macro- and micro-porosity 
respectively; φM [-] is the volumetric fraction of the macro-porosity domain; < v > 
[LT-1] is the Darcy velocity; Ddisp [L2T-1] is the dispersion tensor of the double-
porosity medium; Dm [L2T-1] is the effective diffusion tensor in the micro-porosity; 
and t [T] is the time variable. 
    The model (7)-(9) reveals the local non-equilibrium due to the presence of two 
concentration fields. The effective parameter of the model is the dispersion tensor 
that depends on the local dispersion tensor and the microstructure of the double-
porosity medium. It can be calculated from the solution of the local boundary value 
problem [7].                             
 
NUMERICAL SIMULATIONS 
 
Numerical Implementation 
 
     The double-porosity dispersion model (7)-(9) was implemented using the 
commercial code COMSOL Multiphysics. This code enables coupling between the 
two processes (dispersion and diffusion) taking place in two different domains: the 
macro-porosity and micro-porosity domains, respectively. It was done by defining 
the coupling variables: the concentration and the flux at the interface. The details 
concerning the implementation can be found in [7]. 
 
Comparison Between Numerical Simulations & Experimental Observations 
      
     In order to validate the developed theoretical model we carried out the 
numerical simulations of the experiments and we compared the results with the 
observations. This process consists of two stages: calibration and validation. 
     We calibrated the dispersion coefficient in the double-porosity medium, using 
the experimental result of Test 1. Figure 3 presents the normalized concentration 
evolution of the simulation and experiment with time, at the outlet of column for 
Test 1. The dispersion coefficient in the double-porosity medium was obtained, 
Ddisp = 2.347×10-4 cm2/s. Note that the diffusion coefficient in the solidified clay 
was determined from the literature (for bricks), D2 = 7.345×10-7 cm2/s. 
      The obtained parameters of the model were used to simulate two other 
independent experiments: Test 2 (step-like) and Test 3 (pulse-like). Figure 4 and 5 
show an excellent agreement between the simulated and experimental BTCs. Thus, 
it can be concluded that the model was successfully validated. Moreover, the 
determined dispersion coefficient can be considered as an intrinsic parameter, 
corresponding to a given flow velocity and a given water content. 
 
 
 
 
                                                                        
 
 
 
 
 
 
Figure 2. Geometry of the period (Ω) 
(unit in mm). 
Figure 3. The BTCs in the calibration 
stage of the double-porosity model. 
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Figure 4. Model (line) and experiment 
(symbols) BTCs in the step-like test. 
Figure 5. Model (line) and experiment 
(symbols) BTCs in the pulse-like test. 
 
 
CONCLUSION 
 
     The double-porosity dispersion model obtained by the asymptotic 
homogenization method proved to be able to describe the solute transport in the 
double-porosity medium. It was evaluated against a series of laboratory dispersion 
experiments on a physical model of double-porosity. The numerical simulations 
showed an excellent agreement with the experimental data. The complete analysis 
will be presented in the forthcoming journal paper. 
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